The Ramsey number R(C 4 , K m ) is the smallest n such that any graph on n vertices contains a cycle of length four or an independent set of order m. With the help of computer algorithms we obtain the exact values of the Ramsey numbers R(C 4 , K 9 ) = 30 and R(C 4 , K 10 ) = 36. New bounds for the next two open cases are also presented.
Introduction
Let G and H be simple graphs. An n-vertex graph F is a (G, H; n)-graph if it contains no subgraph isomorphic to G and F contains no subgraph isomorphic to H. Define R(G, H; n) to be the set of all such graphs. The Ramsey number R(G, H) is the smallest n such that for every two-coloring of the edges of K n , a monochromatic copy of G or H exists in the first or second color, respectively. Clearly, if a (G, H; n)-graph exists, then R(G, H) > n. It is known that Ramsey numbers exist [20] for all G and H. The values and bounds for various types of such numbers are collected and regularly updated by the third author [18] .
The cycle-complete Ramsey numbers R(C n , K m ) have received much attention, both theoretically and computationally. For fixed n = 3, the problem becomes that of R(3, k), which has been widely studied (see for example [24] ), including exact determination of its asymptotics [14] . Since 1976, it has been conjectured that R(C n , K m ) = (n − 1)(m − 1) + 1 for all n ≥ m ≥ 3, except n = m = 3 [10, 8] . Note that the lower bound is easy: (m − 1) vertex-disjoint copies of K n−1 provides a witness for R(C n , K m ) > (n − 1)(m − 1). For over 35 years, much work has been done to verify the upper bound, with m = 8 being the current smallest open case.
This work involves fixed n = 4, that is, the case of avoiding the quadrilateral C 4 in the first color. The currently best known asymptotic bounds for R(C 4 , K m ) are as follows.
Theorem 1 ( [23, 2] ). There exist positive constants c 1 and c 2 such that
The lower bound was obtained by Spencer in 1977 [23] using the probabilistic method. The upper bound was published by Caro, Li, Rousseau, and Zhang in 2000 [2] , who in turn gave credit to an unpublished work by Szemerédi. The main challenge is determining whether R(C 4 , K n ) < n 2− for some > 0, a question posed by Erdős in 1981 [7] .
Prior to this work, the exact values for R(C 4 , K m ) were known for 3 ≤ m ≤ 8. Here, we present a computational proof that R(C 4 , K 9 ) = 30 and R(C 4 , K 10 ) = 36.
The known values and bounds, including our new results, are gathered in Table 1 . R(C 4 , K 10 ), respectively, were presented in [26] .
is the minimum degree; and α(G) is the independence number.
Algorithms and Computations

Higher Level
The computations and algorithms used in this work are similar to those described in [19] . Comparable methods have been used to find other Ramsey numbers, such as in [17, 11] .
The main idea behind the computations is to enumerate the sets R(
The latter is usually accomplished by extending R(C 4 , K m ; t) to graphs in sets with higher m and/or t. Two methods used to achieve this are described in the next section.
Some special properties of C 4 -free graphs proved useful during our computations. One such property involves an extremal Turán-type problem involving C 4 -free graphs. Let ex(n, C 4 ) be the maximum number of edges of an n-vertex C 4 -free graph. These numbers have been studied extensively both theoretically and computationally (cf. [1] ). The values of ex(n, C 4 ) for 1 ≤ n ≤ 32 are known [6, 27, 22] and they are displayed in Table 2 .
. If a C 4 -free graph has n vertices, e edges, and minimum degree δ, then δ 2 − δ + 1 ≤ n and e < 1 4 n (1 + √ 4n − 3).
Methods
Our enumeration of various classes of (C 4 , K m )-graphs uses two computational methods, VertexExtend and Glue, described below.
VertexExtend
This algorithm extends a (C 4 , K m ; n)-graph G to all possible (C 4 , K m ; n + 1)-graphs G containing G by attaching a new vertex v to all feasible neighborhoods in G. By feasible, we mean that the additional edges do not create a C 4 while also preserving α(G ) < m. If complexity of computations is ignored, then full enumeration of R(C 4 , K m ; n + 1) can clearly be obtained from R(C 4 , K m ; n) with this method.
Glue
The second method, called the Glue algorithm, constructs R(C 4 , K m ; n + δ + 1) from R(C 4 , K m−1 ; n), where δ is the minimum degree of the new graphs. For a
, and let X be the subgraph induced by N G (v); X must be a (P 3 , K m ; δ)-graph. Note that such a graph must be of the form sK 2 ∪ tK 1 , where 2s + t = δ and
, we can find all graphs in R(C 4 , K m ; n + δ + 1) by considering how each vertex x ∈ X can be connected to the vertices of Y . We call each neighborhood N (x) ∩ V (Y ) the cone of x, denoted c(x). We say that the cone c(x) is feasible if:
1. c(x) does not contain two endpoints of any P 3 in Y .
For distinct
3. For each edge {x 1 , x 2 } ∈ E(X), there is no y 1 ∈ c(x 1 ) and y 2 ∈ c(x 2 ) such that {y 1 , y 2 } ∈ E(Y ).
For each subgraph induced by
Conditions 1, 2, and 3 prevent C 4 's, while condition 4 prevents independent sets of order m. Figure 1 presents the main idea of Glue.
Implementation and Optimization
Two separate implementations of VertexExtend and Glue were used in order to corroborate the correctness of the results. In all cases where both implementations were used, the results agreed. We list the details of this agreement in the Appendix. The rules for gluing (C 4 , K m )-graphs described in Section 2.2 allowed for a much needed speedup in computations. In most cases, it was beneficial to preprocess the Y graphs before gluing, storing information about the feasibility of the cones. For example, all subsets of vertices containing endpoints of a P 3 were removed from the list of feasible cones. Speed was greatly increased by precomputing the independence number α(Y ) of each subgraph, which was critical for efficient testing of condition 4. This proved to be a bottleneck of the computations, and multiple strategies and implementations were tested. The most efficient algorithm implemented was based on Algorithm 1: Precomputing independence number, described in [11] . All data was stored in arrays of size 2 n , where the integer index of the array represented the bit-set of the vertices of the subgraph.
Two isomorphism testing tools were used in our implementations. The first implemented an algorithm described by William Kocay [15] . The other made use of the well-known software nauty by Brendan McKay [16] .
Results
First, we obtained a full enumeration of R(C 4 , K 7 ). This was significant, as the same enumeration was computationally infeasible when these methods were attempted in 2002 [19] . R(C 4 , K 7 ) was first obtained using VertexExtend. The same results were obtained when gluing from R(C 4 , K 6 ). For more information on these and similar consistency checks, see the Appendix. The statistics of R(C 4 , K 7 ) by vertex and edge counts are displayed in Tables 3 and 4 . The cases of counts found in [19] agree with ours.
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R(C
We constructed the sets R(C 4 , K 9 ; 29) and R(C 4 , K 9 ; 30) with the Glue algorithm. Since R(C 4 , K 8 ) = 26, any (C 4 , K 9 ; 29)-graph has minimum degree 3, 4, or 5 and can be obtained from R(C 4 , K 8 ; n) for n = 25, 24, 23 by Glue. Note that the minimum degree of a (C 4 , K 8 ; 23)-graph must be 4 in order to glue to a graph of minimum degree 5. This restriction improved the speed of computation, as there is a large number of (C 4 , K 8 ; 23)-graphs to consider. Statistics for R(C 4 , K 9 ; 29) are found in Table 7 .
Similarly, any (C 4 , K 9 ; 30)-graph has minimum degree 4 or 5, and can be obtained from R(C 4 , K 8 ; 25) or R(C 4 , K 8 ; 24), respectively, via Glue . No (C 4 , K 9 ; 30)-graphs were found, resulting in the following theorem. Table 6 : Statistics for R(C 4 , K 8 ; n), n = 24, 25. These graphs were used to find (C 4 , K 9 ; m)-graphs for m ≥ 29. e  70  1  1  2  71  8  5  13  72  12 11  23  73  18 33 1  52  74  10 64 7  81  75  49 9  58  76  19 7  26  77  6 4  10  78  2  2  Total 49 188 30 267 Table 7 : Size vs minimum degree of graphs in R(C 4 , K 9 ; 29). These graphs were used to show that no (C 4 , K 10 ; 36)-graph exists.
Proof. We have found two 6-regular (C 4 , K 10 ; 35)-graphs H 1 and H 2 , establishing the lower bound. The orbits of H 1 are depicted in Figure 2 and its adjacency matrix is presented in Figure 3 .
In order to prove R(C 4 , K 10 ) ≤ 36, it is necessary to show that no (C 4 , K 10 ; 36)-graph exists. As R(C 4 , K 9 ) = 30, from Lemma 1, a (C 4 , K 10 ; 36)-graph has minimum degree at most 6 and can be obtained from gluing a (C 4 , K 9 ; 29)-graph. Gluing all of R(C 4 , K 9 ; 29) resulted in finding no such graphs. The automorphism group Aut(H 1 ) has order 24 and its action on V (H 1 ) has four orbits of 24, 6, 4, and 1 vertices, respectively. The automorphism group Aut(H 2 ) has order 40 and its action on V (H 2 ) has three orbits of 20, 10, and 5 vertices. Both graphs H 1 and H 2 have 105 edges and 35 triangles. Each vertex is on three triangles, that is, each neighborhood is the union of three K 2 graphs. Both graphs are also bicritical: removing any edge produces an independent set of order 10, and adding any edge produces a C 4 .
Interestingly, no (C 4 , K 10 ; n)-graphs for n = 34, 35 were obtained by gluing from R(C 4 , K 9 ; 29). If a (C 4 , K 11 ; 44)-graph G exists, then from Lemma 1 it follows that G must have minimum degree at most 7. Such a graph can be obtained by applying Glue to a (C 4 , K 10 ; 36)-graph. However, since R(C 4 , K 10 ) = 36, no such graph exists, and therefore G does not exist as well. Proof. The lower bound is obtained similarly as before, by adding a triangle to the (C 4 , K 11 ; 38)-graphs of Theorem 4.
As R(C 4 , K 11 ) ≤ 44, any (C 4 , K 12 )-graph can be obtained by applying Glue to a (C 4 , K 11 )-graph with order at most 43. From Lemma 1, such a graph must have a minimum degree of at most 7, and therefore an order of at most 51. Thus, R(C 4 , K 12 ) ≤ 52.
